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Chiral molecules form a number of non-chiral structures, the simplest being an isotropic 
fluid phase. In a mesophase of achiral molecules the fluctuations will on average be achiral 
as well: left-handed twists and right-handed twists will occur with the same probability. 
In a system composed of chiral molecules, however, the fluctuations will be biased in 
one direction or the other, and there will be optical effects such as a non-zero fluctuation 
induced rotary power in addition to the molecular rotary power of the individual molecules. 
We discuss this effect in a number of contexts, including lyotropic lamellar phases. When 
the tendency to twist is strong enough or the line energy of having an exposed edge is 
small enough, a new, defect riddled ground state of a lyotropic lamella, akin to the Renn- 
Lubensky twist-grain-boundary phase of thermotropic smectics, can occur. 

1. Introduction 

Since the discovery of rotary power by Biot in the early 19**^ century, we have ex- 
panded our understanding of the form and function of chiral molecules with almost reck- 
less abandon. The microscopic origin of macroscopic chiral structures is still not very well 
understood. Chiral molecules have no reflection planes as shown in Figure 1. We also 
show achiral molecules from which chiral molecules can be formed by chemical changes. 
A fundamental feature of all chiral molecules is that they are three dimensional: a planar 
molecule is invariant with respect to reflections through the plane in which it lies. The 
loss of reflection symmetry causes energetic and entropic preference for axes of neighboring 
molecules to rotate relative to each other. This leads to a new length scale (the inverse 
of the rotation angle per unit distance) normally much larger than any molecular length 
and to a spectacular array of equilibrium spatially modulated chiral phases, including the 
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cholesteric (or chiral nematic A^*) phase, the blue phases, the TGB phases, and the smectic- 
C* phase. These equihbrium phases, hke the molecules of which they are comprised, have 
no reflection planes. 




(c) 

Figure 1 . This figure shows a series of achiral molecules 
and the chiral molecules they become after an appropri- 
ate transformation, (a) left, a planar achiral if-shaped 
molecule; right a chiral molecule obtained by rotating 
one leg of the H relative to the other through an angle 
between and 7r/2. (b) left: a tetrahedral molecule like 
CH/^ with identical molecules at all four vertices; right a 
chiral molecule with different atoms at each vertex, (c) 
left: an achiral discotic molecule with three propeller 
blades; right: a chiral discotic molecule obtained from 
the molecule at the right rotating through an angle be- 
tween and 7r/2 (d) left: a planar "strip" molecule; 
right: a chiral helical ribbon obtained by wrapping the 
strip at the right around a cylinder. This is a model for 
DNA. 



Chiral molecules can also form phases which do not exhibit macroscopic chiral order, 
i.e., phases that do have refiection planes. Examples of non-chiral phases composed of chiral 
molecules are the isotropic phase and the smectic-A phase. Even though the structure of 
these phases is achiral, they nevertheless exhibit chiral properties if they are composed 
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of chiral molecules. In particular, there will be chiral fluctuations, the most familiar 
manifestation of which is optical rotary power of a pre-cholesteric isotropic phase of chiral 
nematogens [1]. Of course the individual molecules have a non-zero rotary power (e.g. a 
solution of sugar molecules rotates light) as well. Since the optical chirality of the molecules 
need not be the same as the chirality of the resulting mesophase, the chiral fluctuations 
can lead to either a reduction or enhancement of the rotary power over that of a very 
dilute solution. 

This talk will explore possible new structures produced by chirality and fluctuations 
in achiral phases of chiral molecules. 

2. Chiral Fluctuations in Achiral Phases 

The isotropic and smectic-^ phases are achiral liquid crystal mesophases that can be, 
nonetheless, composed of chiral molecules. Residual chiral fluctuations can lead, however 
to optical rotary power. Other achiral states exist at isolated points of the phase diagram of 
smectic-C* phases and cholesterics. Some of these mesophases have the remarkable prop- 
erty of twist inversion [2] , where the mesoscopic pitch changes sign without a concomitant 
microscopic change in the molecular structure. 

2.1. The Smectic-A Phase 

The smectic-^ phase, like the isotropic phase, has an achiral structure. Its periodic 
layering expels molecular twist [3]. Thus, chiral molecules can and often do form an 
achiral smectic-^ phase. Around the achiral ground state there will be chiral fluctuations. 
To study these fluctuations, we use the low-temperature elastic free energy of a smectic, 
expressed in terms of the layer displacement variable u and the Frank director n = ng -|- 5n 
with no = z: 



(2.1) 



where 




(2.2) 



is the strain energy. 




/ 



d^x {Ki{V ■ nf + K2[n ■ (V x n)]^ + Ksln x (V x n)]^} 



(2.3) 
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is the Frank free energy, and 

Fch = K2ko Jd^xn-{Vx n) (2.4) 

is the chiral energy. In the last equation ko = 27r/P, where P is the cholesteric pitch. 

From this free energy, we can calculate the correlations function of the displacement 
and director fields. We find in the special case that B = D and K = Ki = K2 = (with 
<l' = <ll + ql) [4] 

(^5n,5n, [q±, Qz) - ^ ^^^^^2 _ K^k^q^^q^ - B{B + Kq'')ql ^ ^^> 

The terms linear in ko represent chiral fiuctuations since they multiply the two-dimensional 
antisymmetric tensor. It should be possible to measure these quantities via light scattering 
and to distinguish between a smectic composed of chiral molecules and one that is not. 

The chiral director fluctuations are nearly frozen out: they are only correlated on 
the scale of the twist penetration depth A = ^JK/B. Nevertheless, these short range 
correlations lead to a fluctuation induced rotary power, which for light travelling along the 
z direction is 

R^Xko 

L c J ASttK e_L cm 
where u> is the frequency of the polarized light beam, c is the speed of light in vacuum and 
ej_ and en are the perpendicular and parallel dielectric constants of the mesogens. Putting 
in typical numbers we get rotations between 5 x 10~^ and 0.5 radians/cm deep in the 
smectic phase. As the smectic phase melts and forms a cholesteric, S — > and thus the 
rotary power will grow as 1/y/B. At the transition the fluctuation induced rotary power 
will grow larger than the molecular rotary power (roughly 10~^ radians /cm). This effect 
could also be quite large in colloidal liquid crystals which have penetration depths on the 
order of microns. 

2.2. Compensated Cholesterics 

There are a number of molecules [5] whose cholesteric phases exhibit the phenomenon 
of twist inversion. Their pitch wavenumber ko passes through zero and changes sign as 
a function of temperature or other external parameter. At the point where A;o = 0, the 
pitch is oo, and the resultant "cholesteric" phase has the same macroscopic symmetry as 
an achiral nematic. The molecules, however, are still chiral, and this nematic phase will 



w]2 ksT (e_L - e, I )^ radians 
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exhibit chiral fluctuations not present in the achiral nematic phase. The microscopic origin 
of twist inversion is not totaUy understood. Any microscopic mechanism wiU, however, 
eventuaUy lead to a phenomenological free energy for the director n and some other variable 
whose variation can lead to a vanishing of /cq. A simple model for a cholesteric that displays 
twist inversion can be constructed from n and S, the Maier-Saupe order parameter, which 
measures the magnitude of the nematic order parameter: 

F=Fn + j d\ f{S) - J d\ {aS'^ - bS^)n • (V x n), (2.7) 

where f{S) is a free energy density depending only on S. Compensation occurs when 
the coefficient of n ■ (V x n) is zero, i.e., when S'^ — a/b. Near this point, we can write 
S = {a/b)^/^ + 6S and 

F ^ Fn + Fo + ^ J d^x A{5Sf - a J d^x 6Sn • (V x n), (2.8) 

where A = f"{\/a/b) and a = 2a^ /b. 

While there will be, on average, no net chiral fluctuations in the director, there is still a 
fundamental asymmetry. Fluctuations with one handedness (or one sign of n- (Vxn)) are 
coupled to a decrease in S while fluctuations of the other handedness go with an increase of 
S. Since fluctuations in both S and n contribute to fluctuations in the dielectric tensor, the 
chiral terms in the above correlation functions will lead to a nonzero fluctuation-induced 
rotary power of a compensated cholesteric. 

2.3. Compensated Smectic-C* Phases 

The chiral smectic-C* phase, like the cholesteric phase can exhibit twist inversion. A 
simple model free energy producing this phenomenon can be constructed from the magni- 
tude and phase of the c-director: c = c(cos^, sin^, 0): 

F = J d^x ^K{Vef - J d^x {ac^ - bc^)V^e + j d\ f{c), (2.9) 

where /(c) is a free energy density. The chiral wavenumber is zero when = a/b. Ex- 
panding about this point, we obtain 

F=^Jd% \^A{5cf + K{Vef - 2^/^5cVJ^ , (2.10) 



This leads to 



(2.11) 



""^ AKq^-{ayb)q: 
The rotary power will again scale as 




(2.12) 



Equation (2.9) is the simplest model free energy for a compensated smectic-C* phase. 
It can be made more realistic and considerably more complicated by including such things 
as the anisotropy of the Frank elastic constants and the couplings to the electric dipole 
moment, which is always present in chiral ferroelectric liquid crystals. 

The chiral term proportional to VgO arises from a c • (V x c) term in the free energy. 
There are also other chiral terms such as N • (V x c). The latter term is present in 2D films 
whereas the former is not. It is responsible for two-dimensionally modulated structures in 
smectic-C films [6,7]. In three-dimensional smectic-C* phases, the c ■ (V x c) ~ VzO term 
is dominant, and the second term can often be ignored. When, however, the coefficient of 
VzO is small or zero, the other term becomes important and can lead to interesting two- 
dimensional structures similar to those predicted for films and to slowly rotating versions 
of these structures. Indeed such structures have recently been observed [8] . 

3. Chiral Membranes and Lyotropic Phases 

3.1. Membrane Model and Chiral Fluctuations 

Aliphatic molecules with polar heads and oily tails form membranes to protect the 
oily tails from contact with water. DMPC is a chiral molecule that can form a variety 
of lamellar and vesicular structures. In the fluid, or Lq,, phase of these membranes, the 
molecular axes, aligned along a unit director n, are parallel to the local membrane normal 
N, and there is no macroscopic manifestation of chirality. Indeed, if n is constrained to be 
parallel to N, the phenomenological energy describing a membrane with chiral molecules 
is identical to that [9] describing a membrane with achiral molecules. This is because 
the curl of a vector normal to a surface is always zero. When n tilts relative to N, as it 
does in the Lp' phases, there is a component of n in the membrane's tangent plane, and 
there are chiral surface terms that have been discussed extensively [7,10]. The Lq, phase 
of a membrane is similar to the smectic-^ phase of a thermotropic liquid crystal: it expels 
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twist, but it does not destroy the underlying forces tending to produce twist. There are 
chiral fluctuations in the Lq, phase produced by fluctuations of the director into the tangent 
plane. To describe these fluctuations, we treat the molecular director and membrane shape 
as independent parameters. Then the phenomenological free energy for a membrane can 
be written as 

F = F,, + F„ + Fch + Fc, (3.1) 

where 

is the Helfrich-Canham energy [9] for an isolated membrane, 

^c = -l j dSin-^^f (3.3) 

favors n parallel to N, and Fn and Fch are, respectively, the membrane versions of the 
Prank director free energy and the chiral free energy: 



Fn = ^JdS |ki(V± • nf + K2(n • V± X n)^ 
+ K3[nx(ViXn)]'| 



(3.4) 



and 



Fch = K2ko J dSn-{W±xn), (3.5) 



where V_L,i — {Sij — NiNj)Vj is the gradient restricted to the tangent plane. Note that if 
7 is large locking n parallel to N, then the effective Helfrich bending rigidity is k + Ki. 
In the Monge gauge, we specify points on a membrane by their height h{x.) above a two- 
dimensional plane with coordinates x. Then to linear order in h, we have N = {—V±h, 1), 
and 

^ \2 



+ [n X (V± X n)]^ 

d^x{V± X (5n)^ 



(3.6) 



This free energy yields chiral fluctuations similar to those of the smectic-^ free energy of 
(2.5). 
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Since there are fluctuations in lameUae that contribute to the rotary power, it is rea- 
sonable to beheve that an isotropic vesicular phase will have a fluctuation rotary power as 
well. Since each vesicle will undergo chiral fluctuations, the rotary power should, again, 
be greater than the sum of microscopic contributions from individual molecules. It would 
be interesting to study the rotary power of chiral amphiphiles as a function of their con- 
centration. The lamellar Lq, will have a chiral fluctuations and a rotary power similar in 
form to those of a thermotropic smectic-^ phase. While it is typically believed that the 
there is no in-plane order in lyotropic phases, the chiral fluctuations may still lead to static 
chiral interactions which cause a tendency for cholesteric-like twisting between neighboring 
ellipsoidal vesicles. 

3.2. Lyotropic Cholesteric Phase 

In the Lq; phase, membranes allow no average molecular twist if they form only closed 
surfaces or lamellae extending from one end of the sample to the other. The only way to 
introduce twist into the membrane is to tear it: it is possible to gain twist energy at the 
expense of edge energy in configurations that have the form of a lamellar screw dislocation. 
By adding a cosurfactant, such as alcohol, the line energy will be reduced. Then, as in the 
analysis of all defect phases, there will be a trade-off between the energy of destroying the 
integrity of the membrane and allowing chirality into it. As shown in Figure 2, the core 
of the dislocation is a tube filled with water, wrapped helically by the edges of lamellar 
planes. The molecular director exhibits a double twist configuration near the core that 
has negative chiral energy. 

Using (3.6) and the usual methods to calculate the strain field of a dislocation, one 
can show that the energy per turn of a membrane with a single screw dislocation with 
pitch P and height profile h{x,y) = (P/27r) tan~^(j//a;) is 

E = l^ ln(A/0 - \K2k0\P + tP, (3.7) 

where ^ is the core radius, A = (7^2/7)^^^ is the membrane twist penetration depth, and 
T is the line tension of the exposed edge. Thus, if |-K'2^o| — r is sufficiently large, it is 
energetically favorable for a membrane to create a screw dislocation with an exposed edge 
rather than to maintain only fiat or closed structures. 
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Figure 2. This figure shows the structure of a chiral, 
screw dislocation type defect in a lyotropic phase. Note 
that the center of the defect is fiUed with the solvent 
and there are exposed edges around the center tube. 

In a lamellar phase, the pitch P is identical to the layer spacing, which is set by a 
balance between a negative membrane- water surface tension and either Helfrich entropic or 
by electrostatic forces. Then, the energy per unit length e — E/P is identical to the energy 
per unit length of a dislocation in a thermotropic smectic with r playing the role of the 
core energy. As in thermotropic smectics, when e becomes negative, it becomes favorable 
for screw dislocations to penetrate the lamellar phase and to create a lamellar TGB phase. 
Local thermal fluctuations in dilute lamellar phases are more violent than they are in 
thermotropic phases, and one might expect the lamellar TGB phase to more susceptible 
to thermal melting than its thermotropic cousin [11]. A melted TGB phase is a chiral line 
liquid that is indistinguishable from a cholesteric phase [12]. We can thus speculate that 
there should exist a lyotropic cholesteric phase composed of a melted lattice of twist grain- 
boundaries and possessing local lamellar ordering similar to that of the lamellar smectic-A 
phase. 
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